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SUMMARY

This report presents an orbit improvement method in which mean
values of certain parameters characteristic of Vinti's kinetic equations
are obtained for a series of observations in a predetermined time in-
terval and are used to determine the corresponding set of Izsak ele-
ments which exactly factor Vinti's two quartic polynomials. As a
consequence, predicted positions and velocities for an earth satellite at
any time can be obtained. This report also includes a section on the
partial derivatives resulting from the first order Taylor expansion of
the conditional equations,
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DIFFERENTIAL CORRECTION FOR
VINTI’S ACCURATE INTERMEDIARY ORBIT

by
N. L. Bonavito
Goddard Space Flight Center

INTRODUCTION

Vinti's solution (Reference 1) for a gravitational potential

Ve = 2.2

in oblate spheroidal coordinates that simultanecusly satisfies Laplace's equation and
separates the Hamilton-Jacobi equation provides three adjustable constants for which this
solution can be made to agree with the potential of an axially symmetric earth, expressed
by means of an expansion in spherical harmonics. The agreement is exact for the zeroth
and second zonal harmonics and, as a consequence of this system, through more than half
of the latest accepted value of the earth's fourth harmonic. This solution by means of the
canonical transformation for which both the momenta and coordinates are constants of the
motion . and /5, differs from others in that the oblateness potential is included in the
solution of the equations of motion. In terms of specific initial conditions, both sets of
constants can be evaluated and used to factor the two quartic polynomials F(p) and G(7);
thus, Vinti's kinetic equations can produce coordinates of a satellite as functions of time
in the form of an orbit generator (References 2 and 3).

To obtain good predictions outside of an arc of observations it is necessary to deter-
mine, by aniterated least-square fitting of the solution to many revolutions in the orbit,
the Izsak elements which exactly factor these quartic polynomials.

First partials for the normal equations are derived, and hence by inserting coordinates
obtained from initial conditions for each specified time of observation into these equations,
the results of the iterated least-square procedure will produce the Izsak elements and
consequently coordinate predictions.



STATEMENT OF THE PROBLEM

If L, and M, denote the values of the observed direction cosines of a satellite for a
given time of observation, then the corresponding computed values of these functions are
given by

and

Yo
M, = ,

1
2 2 2\ 3

where x_, y_, and z, are the corresponding local coordinates. These are given by the
relation

where x, y, and z define the satellite's coordinates with respect to an earth centered, right-
handed, orthogonal inertial system; x,, y,, and z, are the inertial coordinates of the ob-
servation point; and the matrix (A, ) rotates the local x,y,z, frame parallel to the inertial
xyz. The computed functions can now be written

. {7 -7+ [y -] 2 = [a) (U-T)Lz}% |
and

. - (A7 (o= 7)],

BRI e R ek
where



and

X1
T = [vyr] -
ZT

The subscripts 1, 2, and 3 denote the rows of the product matrix

(AI)'l (c - T) .

Thus, the functions are obtained for a specified time of observation by inserting into the
matrix o those values of the earth satellite coordinates computed by the Vinti orbit gener-
ator (Reference 3).

It is necessary to develop the first partials for the Taylor expansion in order to com-
plete the first order approximation for the conditional equations, and to obtain the Izsak
elements which can factor Vinti's two quartic polynomials F(p), and G(7) (Reference 2)
exactly, and hence to be able to obtain accurate predictions for position and velocity.

THE PARTIAL DERIVATIVES

If in the matrix - we make the following substitutions (page 22, Reference 3)

x = }/(7p‘2 + C2)(1 - W2) cos ¢ ,

y - }/(72 + c2)(1 - 772) sing

and
z = 27
where
o = a(l - ecosE) ,
and
n = my siny

then we can express the computed direction cosines L and M_ as functions of the six ele-
ments a, e, 7, E, 4, and¢. Herea and e are taken to be the semimajor axis and



eccentricity, respectively, while 7, is related to the orbit inclination by the expression
me = sinL The elements E and ¢ are uniformizing variables defined by Vinti (Reference
2) as the eccentric anomaly and a variable analogous to the argument of latitude, respec-
tively. The element ¢ is the geocentric right ascension.

In the expression

X
m

L =
c }/x2+ym2+22 '

m m

x., v, and z_ are functions of the six elementsa,e, Mes E, ¥, and 4. Since the local co-
ordinates are themselves functions of the computed inertial coordinates, and if we denote

any one of the elements by q,, then

aL JdL ox sL Ty OL 2z
< - c m 4 = [ m + m
3q; 3, 9q, dy, 4, %z, Sq; (1)
with
2
aL., ) 1 } X, -k
3x - — 2 oo 2
S R ok @
BLC "XV _
dy 3 Koo (3)
™ 2 2 2\72
(x? * v+ 2t
and
aL ~-x
c _ m - K
dz_ 3 02 * (4)
m 2 2 2\2
(xm * ym + Zm)
Since,



we have

m Bx
9q; —éq—l
JFl el b
2o )y ®)
Bzm dz
dq. .
kq‘/ \aq‘/

Here, x., y;, and 2z are independent of the q,. Substituting

p = a(l - ecosE)
and
n T 7y sing
into
= YT coss
y = V(o? + ) (1 - n})sing ,
and

we have the following relations

x = Y[ - ccosEy? + <7] (1 - ng3sin? ) cos & . (6)
y = Y[a%(1 - ecosE)? + 7 (1 - n2sin?y) sing , (7
and
z = a(l - ecosE) 1, siny (8)

Differentiating Equations 6, 7, and 8 with respect to each of the q, in turn (that is, a, e,
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7,5 £, ¥, and ¢) and substituting into Equation 5 yields

Ix dy oz

m

3, ' oq,

If Equations 2, 3, 4, and 5 are now substituted into Equation 1, we obtain the six first
partial derivatives of the ‘L’ equation of condition:

BLC
Ta - KooKao * Ko1Ky * KppKyy o
BLC
e~ KooKz 7 Ko Kpg t KooKas o
BLc
BWO = Koo¥ae T KoiKay KooKz -
3L,
3E - KooKag ' KoyKye KooKy
BLC
30 T KooKy, * Ko Ky 7 KooKy,
and
BLC
Y KooKss * KgiKye + Koo Kyy o
in which
Ko 7 K, cosy, cos¢ + I(1 siny, sing ,
K“ = K, sing{;Asin@Dcosdb + K, cos Ya sinfp sing + Ke7o siny, cos & ,
K,, = K, siny, cos 6 cos¢ - K, cosy, cos fpsing + Kemg siny, sin &y
K“ = K, cosdxAcosqS + K, siny, sin¢ ,
K,, = 7K, siny,sinf cos¢ + K, cosy, sinfp sing + Kgny siny, cos &y, ,
Kzs = K2 siny, cos QDcosd:' - K, cos Y, cos O sing + Kgno sim,bA sin@n ,



K, = K; cosy,cos¢ + Ky siny, sing ,

K,, = Ky siny,sinfcos¢ + K, cosy, sinf sing + K,y siny, cos 6, ,
Kzs = K3 singbA cos HD cos ¢ - K3 cos y, cos BD sing + KIO sin\,bA sin BD ,
K29 = K4 cosy, cos @ + K, siny, sing ,
Kio 7 —K4 siny, sinf cos¢ + K, cosy, sinfsing + K, 17 siny, cos 05 ,
K;;, = K, siny,cosf cos¢p - K, cosy, cos&ysing + K my siny, sin& ,
Ky, = K5 cosy, cosp + K5 siny, sin¢ ,
K33 = -Ks siny, sinf cos ¢ + K, cos Y, sin @y sing + K, m, cosy, cos
Kia = K siny, cos O cos @ - K, cos , cos I sing + K| (7, cos¢, sinép ,
K35 = K6 cos Y, sing + Ky siny, cos ¢ |
K, = K siny, sinfpsing + K, cosy, sin# cos ¢ |

and
Ky, T Kgsinyp, cosfysing - K cos ¢, costjcosg

where angles with the subscripts D and A refer to the A, matrix, and the factors X,, K,
K,, are

2

a(l - ecosE)? 1 - 7]02 sin®

! ‘yaz(l - ecosE)? + ¢?
-a? cosE(1 - e cosE) ]/ 1 - 1'702Sin2 Y
XK, = ,

2 ]/az(l - ecosE)? + ¢?

7o sin? ¢ }[az(l - ecosEY? + ¢?

K3 = R N
V1 - 7702 sin? ¢




a2(1 - ecosE) esinE y1 - 'r]oz sin? ¢

4 yata - ecosE)? + ¢?

—7702 sinycos ¥ ‘/az(l - ecosE)? + ¢?

K, = )
yl - nozsinsz

K, = - }/az(l - ecosE)? + ¢c? }/1 - 7702 sin?
K = (1 - ecosE) ,
K9 = -acosE ,
K, = a(l ~ ecos E) ,
and
Kll = aesinE .,
Similarly,
Yo
M = ,
e xmz ty2+ 22
and
wc = aMc axm + mc ayﬂ! + mc azm (9)
Bql axm aqi aym aqi Bzm aqi
Then
aMc _ _xmym
™, 3 Koo (10)
(xmz + )’lll2 + zmz) ?
M, 1 Va
Jy, T 3~ Koo (11)
(xm2 + y2 + zmz) 2 (xmz + ymz + sz) 2



and

3z, = Koy - (12)

Proceeding as above, and substituting Equations 10, 11, and 12 into Equation 9, we
obtain the six first partial derivatives of the ‘M’ equation of condition:

M
c
Ba - KoiKao t KooKy * KgiKy, o

BMC

e~ KoiKpy * KgoKp K03K25 '

M,

3770 = KorKae * KpoXpy KoaKzs ’

oM,

3E  ~ KoiKpo T KooKy + KoKy, o

oM,

Y Ko1Kz * KooKas * KoaKyy o
and

M,

% Ko Kys * KooKze * KosKsy -
PRIME CONSTANTS

Once the corrected set of these six elements has been obtained, the epoch values of
Izsak elements are computed by the following (Reference 2):

p = a(l - e2) )
D = (ap - cz) (ap - c’noz) + 4.':1'2c"'7702 ,
D' = D+ 4a2c2 (1 - 7702)|
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cos 1

—2ac2D'l(l - 7;02>(ap - Czﬁoz) '

c27702D"1D’ ,
L
74A
1
B? |
p(a+ b))t = Q
—n2 - - ' -
c (1 noz) + apD~ID Q,
11
le Q22 ,
1
- 2
(1 ‘702) '
1
C2%2 2
a, ST cos 1 ,
1
c?D
apD’
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Note: If
90°<I§180°-IC ,
where
I, = 1°54'
use
s 1
cosI = —(1 —7702) 2
MUTUAL CONSTANTS
Compute:
1
(1 - e2)2

(=)

where P_(b,/b,) is the Legendre polynomial of degree n, R (x,) = x]P (x; ') 1isapoly-
nomial of degree [n/2] in x?,and x, = (1 - e?)Z.

If m is an even integer, compute

Z _ e\ 2i=2n [b,\2° b,
D = D,, = (-1* "(;) ) P, )
n=0

If m is an odd integer, compute

- _ c\2i=2n /by\Zn ! b,
D, = Dy, = ? (- 1)} n(;> Y P, 1 'Fz-
n=0



12

22

23

24

31

1 3 15
7t s at
2
q 9
1+ +gzq%,
m-1 2n
222(m1)? L 23n(nl)?
@©
1-(1-79"% 2 - Z YaTlg 2@
m=2

1
_— - - - 9 2
(1 - ez)z p-! e|:b1p 14 (3b12 - bzz) p? - 7 blb22 (1 + %)p's

»

1
(1 - e?)? pt [is' (36 - bl)p?

_2-}_1e_3_ 2 -3 4
(- e)h ot G (npemt o,
3 NT -5, 4
256 (17 %) 7 978 blet

1

3

(1 - e’)

- ‘ - 3
p3e,:2+blpl(3+f

3

FE byt (4 367 P"J :
9 2 2 _-3 3 4 2 4 -

T g et bibpT + 33 byt (66 + ef) p74|

P-‘) ’

ez) -p? (% b2 + c’)(4 + 3ez)J ,
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1 b, -2 [b}
Ays = (1_82)233[_25-%<—%-+C2 P

- 1 e -s a1l 2
Asq'_ﬁ(l_e) p e(7b2+c>'
1
2my, = ('2‘11)2 (a byt A+ eInd A BlB';l)-l ’
1
2y, = <a22 - aaz) : 770—1A2r‘2-l (a thy A °27702A2B182—1) ot
e' = ae(a + bl)'l ,

where the parameter e’ is always less than e.

IZSAK ELEMENTS

From the anomaly connections

. cosE-e
€OSV " 1 - ecosE
and
1
, (1 - e?)7sinE
sinv =

1 -~ ecosE ’

the value of v is determined within the limits 0 < v < 27,

The set of mean Izsak elementsa, e, 7, 4, £,, and 5, are obtained by substituting

the above results into the equations
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1 1 2
. q .
+c? (“22 - aaz) z uly |:Bl¢’ -8 (2 + q2)sm A + 57 sin 4‘/{[ T tepocn

[sz + A21 sinv + A22 sin2v + A23 sin 3v  + A“ sin 4va
2

-3 q . 3q*
* (a22 - as) 27700'2 By - 335 (4 + 3q2) sin2y + 75g sin4y|,

(1 - 772_2)

(S
~p-

7o [(1 - )

3 .
x * By + 337 m, ¢ sin 2¢]

+ czas(—2al) 2 A3V + Asn sinnv |,

n=]

where y is determined, within the limits 0 < y < 27, by the equations

yl - 1702 siny

)rl - N sin?y

sin y =

and

cos y
yl - 7 sin? y

I

cos x

Predicted positions and velocities of the satellite can now be obtained by using these
results in the Vinti-orbit generator as given, beginning on page 18, in Reference 3.

REMARKS

A refined version of this satellite orbit computation program is to contain corrections
for atmospheric drag. Furthermore, it is intended to incorporate the effects of the re-
sidual oblateness potential unaccounted for in the existing version of this program.
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Preliminary tests for the Explorer XI (1961 v), on the IBM 7090 electronic digital
computer, indicate that the orbit generator (Reference 3), feeding into, and predicting from
the orbit improvement program, can compute approximately 1600 minute points (time; x,
y,andz; x, y, and z each minute for 1600 minutes) in one minute of computer operation,
while simultaneously producing BCD tape.

Extension of the results of Vinti's theory (References 1 and 2), to the cases of para-
bolic and hyperbolic orbits is also being investigated.
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